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PucyHoK 3. 3aBMCHMOCTY CKOPOCTH, AaBA€HMs U ILAOTHOCTY OT DI1AePOBOI KOOPAVHATHL I MEXAY
yAapHOI BOAHOI U XapaKTepPUCTUKOI 4451 Y=5/3, n=3 Goasite n,=2,065135 n

Tpex MoMmeHTOB Bpemenn t=0,3; 0,5; 0,7

B aarpankeBbIX KOOpAMHaTax IIOCTPOEHO aHAAUTUYECKOe pellIeHNe 3a4a4ll O CXOAAIIeNICs yaapHOI
BOAHE /45 IPOU3BOABHBIX IIOKa3aTeAeil 71, KOTOpble OIpeAeAsIOT CXOXKAeHNe YAapHO BOAHEI.

Cnmcok anreparypol

1. B.®. Kypomnarenko. Mogean MexaHnKu criaomHsIx cpea // Y.: Msa-so Yeal'V, 2007, 302c.

2. V.F.Kuropatenko, E.S.Shestakovskaya, M.N.Yakimova, Dynamic Compression of a Cold Gas Sphere //
Doklady Phisics, 2015, vol. 461, no.5, pp. 530-532.

3. B.®. Kypomnarenko, E.C. lecrakosckas, M.H. fIkumoBa, YaapHas BoAHa B rasosoM Inape // BecTHuk
I0YpI'Y. Cepus MaremaTudeckoe ModeAnpoBaHue 1 mporpammuposanue, 2015, T. 9, Ne 1, ¢. 5-19.

4. B.®. Kyponarenxo, B.JI. Kysunerosa, I'.B. Kosaaenxo, I'V1. Muxaitaosa, I'H. Canoxxunkosa, Kommaexc
nporpaMmMm BO/HA u HeoAHOPOAHBIN Pa3HOCTHBINI METOJ pacuyéTa HEYCTaHOBMBIINXCS ABVIKEHMII

CKMMaeMBIX CILAOIIHBIX cped // Bompocsl atomHoi Hayku u TexHuku. Cepusa MaTemarudeckoe
MoJeAnpoBaHye PpU3NIECKNX IIporieccos, 1989, Beim. 2, c. 9-25.

THE ANALYTICAL SOLUTION OF THE PROBLEM OF A CONVERGENT SHOCK WAVE
FOR ARBITRARY COEFFICIENTS OF SELF-SIMILARITY
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Is being considered the gas sphere with the mass M, and initial parameters for the gas po=const,
U,=0, P,=0, E,=0, where p —density, U - velocity, P —pressure, E —specific internal energy at ¢=¢,.
The problem has spherical symmetry. The Lagrangian coordinate is a spherical mass M . The second
independent variable is the time ¢. At the point ¢,, M, the velocity is set U, <0. When ¢>¢, the shock

wave spreads from this point into the center of symmetry and it focuses to the point M =0 at the moment
t, . At t>1, the sphere boundary moves in the variables r, ¢, but it is a vertical line in variables M, 7.

Generally speaking, all the trajectories of the particles are vertical lines. The value of entropy which
appeared on the shock wave retained along each of the trajectories. Parameters of the gas between the
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shock wave and the boundary are determined by the system of Euler-Helmholtz conservation laws. Take
the equation of state for ideal gas in two forms

P=(y-1)pE, P=F(s)p’, 1)
where F () - entropy function.

Conservation laws on the shock wave at U, =0, E, =0, E, =0, F, =0 are of the form [1]

pw (D _Uw ) - pOD = 0’ (2)
pODUw _Pw = 0’ (3)
pOD(Ew +%Uf/)_Pwa =O (4)

The index “w” indicats values on the shock wave, D — the shock velocity. We transform these equations to
a form containing the dependence U, , p,, F,, P, on the velocity of the shock wave in Lagrangian

coordinates. The Lagrangian coordinate M of the shock wave in the case of a spherically symmetric flow

associated by the equation with its coordinate Euler r,

M, =30, ®)
The velocity of a shock wave in Lagrangian coordinates is a change M, in course of time
dM
W= 7‘4/ = 47'Cp07"jD (6)

We replace the Euler coordinate of the shock wave by its Lagrangian coordinate. For this we express
r, from (5) and substitute in (6)

w=(3M,)" (4np, )" D. @)
Expressing in (7) D through W and M, and substituting in (2)-(4) with the help of (1) we obtain

the expressions

y+1
pw = p() : (8)
y—1
2 -1/3 23
U, = i (4np,) " (3M,) " w. )
2 - -
B, =—=pl (4n) P Gm,) T we, (10)
Y+
From (1), (8) and (10) ensue expression for F,
2 Y—l ! ~(y-1/3) -2/3 —4/3 2
At the pOint = tO Mw = MO i Uw = UWO ’ Pw = Pw() 4 E/v = Ev() *
2/3 2 4/3 2 43
M M M
R ] e 3 R
0 w 0 w 0 w
We define the trajectory of the shock wave by analogy with [2, 3]
M, =M, o), (13)

where ¢ = (tf —t) / (tf —t, ) Differentiating M on {, we obtain an expression for the shock wave velocity

in Lagrangian coordinates

W =W, ¢, (14)
where
M
W, = (15)
t, —t,

Excluding the functions of the time in (13) and (14), we obtain the dependence W on M,
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(nfl)/n
M
w_[M, _ (16)
W, (M,
With the help of (16) excluding W in (12)
Mw (n73)/3n MW 2()173)/3}1 Mw 2()173)/3}1
U,=U, . Bo=h, e : 17)
MO MO MO

The value F, along the trajectory of particle with coordinate M, is constant. Consequently, the

dependence of the entropy on the mass between the shock wave and the boundary of the gas has the form

M 2(n-3)/3n
F=F,|— . (18)
MO
From (5) ensue expression r, from M,
/3
M
ro=r o 19
w 0 [MO j ( )

Parameters of the adiabatic flow between the shock wave and boundary of the gas are determined
by the equations of the trajectory, the conservation of mass and motion

(@J -U=0, (20)
ot )y

o(r’u
(@j +4np’ ( ):0, (21)
ot )y, oM

o(Fp’
(5_‘]) i 2P o (22)
ot )y oM

These equations contain three desired functions r, p and U . The value F is determined on the

shock wave and depends only on M (17).
Let us pass in (20)—(22) to new desired functions

R=r, C=rU. (23)
After the pass to the functions R and C the equations (20)—(22) take the form
(6—RJ -3C=0, (24)
ot )y
(@) +4np’ o =0, (25)
ot )y, oM
o Fp’
(a_c) +4nR" —( ) —2C°R" =0. (26)
ot )y oM
From (17), (19) and (23) follow the dependence of R, and C, on M,
M ! M / (nfl)/n
Rw = RO _”, Cw = CO — N (27)
MO MO

The equations (24)—(26) are essential for finding R, C and p p in the area of the integration
M, <M<M,, t,<t<t,.

Let us proceed from the variables ¢, M to variables ¢, é(t, M ) The equations (24)—(26) take the

(a_Rj +[6_R] [ﬁj _3c-o, 28)
o ), \ee ) \a ),

3 )5 () )
ali aa,atM a‘i,aMt

forms
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(acj (ac} [a&j 2C°
— | H == —— +
o). \oe)\at), R
43 | v a_F ﬁ v-1 @ ﬁ =
ek {p[aal(@wl*”mp (éal(awjl

We define the dependence of E_,(t, M ) so that on the shock wave will be & =1. From (13) follow that

(30)

it's easiest to take such a dependence in the form

E= Q)
To separate the variables representing R, p and C as functions of time multiplied by functions of
&
R=0, (1)T(8) p=0,(1)8(8) C=ac(r)Z(s). (32)
Since £=1 on the shock wave, the values 7, =T(1), §, ( ). Z, :Z( ) must be constant. The
dependence R, (¢) is obtained from (27) and (31)
R, =R, ¢ (33)
Comparing this dependence with (32) on the shock wave, we obtain an expression for o,
o (1)=R,¢" T, (34)
Similarly for o, and o, we obtain the relations
o, =p, (Y+ij6;, o (1)=Cyo"' 2" (3)
By substituting (32)—(35) into (28)—(30) and taking (15), we obtain three equations for 7', 6 and Z
er' =4, (36)
8BZ'-£23'=0, (37)
—EZ’+%8’=CZ, (38)
Z, S,

where the mark indicates differentiation of £ . The coefficients of the equations (36)-(38) 4,,B,,C,,C, with
the help of (5), (6), (12) and (21) take the forms

27T, 28° 517 T4 g o)
1 1 1 1 (39)
472°17,  (n-1)Z _ 2(n-3)3
2_3(}(+1)Z12T_ nZz ' 3nd

For 7', 8, Z' these equations (36)-(38) give a system of linear homogeneous equations.

he determinant of the system is the following

A=BCyE-¢.
If A=0,the solution of the system (36)—(38) exists and has the form
A B C, 3 C Z
T’:—], 6,: 1 2 ], Z':é 2 1 . (40)
g A A
On the shock wave at £ =1 the functions T, 3, Z, A and coefficients (39) take values
-NT,
T-T. 5=, 77, 4~V g2
y+1 (y—l)
9(y+1)—n(5y+1 +1
3n(y+1) (y-1)

Integrating the system of the equations (40) begins at the point &=1 (on the shock wave). Calculations
show that there exist interval values of n such that the determinant does not vanish. At some value of n,
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the determinant vanishes at &=¢, . At this point, the solution exists if C, is vanishes also. Each value vy
corresponds to a unique value n, (Table 1). In this table shows the values &,, in which simultaneously
A(E,)=0, C,(&,)=0. Profiles of velocities, pressures and densities are shown in Figure 1 for three time
pointsat n=n,.

Table 1. The values of n, and &, corresponding to different values of the adiabatic coefficient y

Y 1,1 1,2 4/3 1,4 5/3
n, 2.387916 2.271434 2.183068 2.151532 2.065135
&, 7.959997 5.717071 4.559431 4.227062 3.481885

Figure 1. Dependences of velocity, pressure, and density on the Euler coordinate r for y=5/3,
n=n, =2,065135 and three time points 1 — t=0,4; 2 — t=0,45; 3 — t= 0,5. The solid lines —
the analytical solution derived in this work, —o— — calculations by the VOLNA code [4]
with shock smearing, ----—- — calculations by the VOLNA code with no shock smearing

WhenO<n<n, the determinant of the system (40) is positive in the whole period of change &
1 <& <oo. In this case, there is a collapse of the gas sphere - its volume approaches to zero. The structure of

the gas flow between the shock wave front and boundary of the sphere is shown in Figure 2.

Figure 2. Dependencies of velocity, pressure, and density on the Lagrangian coordinate for y=5/3, n=0,68
less n,=2,065135 and three time points t=0,05; 0,1; 0,15

In the area n>n, . the determinant vanishes for some value &,, which is depends on # . But at this
point C, (§,) does not vanish. Thus, the solution exists in the area 1<&>¢ . On the border of the gas
sphere at M =M, the value of &, is reached at the moment

_ ~1/n
tn _tf _(tf_to)an .

From the point M,,¢, comes out the line, on which £=¢,

=)
M, =M, . (41)

t, —t,
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This is a characteristic. This line is focuses simultaneously with the shock wave, because at

t=t,, M, =0. In the area between (41) and the shock wave (13), for each n>n, the single solution is

exists. The structure of the gas flow is shown in Figure 3.

Figure 3. Dependencies of velocity, pressure, and density on the Euler coordinate r between the shock
wave and characteristic for y=5/3, n=3 larger n,=2,065135 and three time points t=0,3; 0,5; 0,7

The analytical solution of the problem of a converging shock wave in the collapsing gas has been
constructed in Lagrangian coordinates with arbitrary parameter n, which determines the convergence of
the shock wave.
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OB MHEPLIVIOHHOM PACTSIKEHUM METAAAMYECKUX KYMY ASITUBHBIX CTPY1
B ITPOA4O0AbHOM MATHUTHOM ITIO/E

C.B.®edopos, 1.A.Boromuna, IO.A.Cmpykos

MITY um. H.D. baymana, Mocksa, Poccis

Kax cBugeTeabcTBYIOT 9KcIlepuMeHTH [1], pegBapuTeabHOE CO3jaHUE aKCMAaAbHOTO MarHUTHOTO
110451 B MeTaAAMJecKol OOAMIIOBKe KyMyAATMBHOTO 3apsja HeIOCPeACTBEHHO Ilepe] €ro IOAPBIBOM
MOJKET CyIIeCTBeHHO BAVATH Ha (PYHKIIMOHMpPOBaHME 3apsda. B ombITax ¢ KyMyAATMBHBIMU 3apsijaMMU
AnaMeTpoM d, =50 MM, MMEIOIIMN MeJHYIO KOHMYECKYIO0 O0AUIIOBKY, IPU MHAYKIMY HauaAbHOTO MOAS
B 00AMIIOBKe B), B AecsATble 40AU Tecla HaDAI0AAaA0Ch 3HAUMTEAbHOE CHVDKeHMe ITPOOUBHOTO AeMCTBIS

3apsiga. Teopernyecknit aHaau3 AaHHOTO BddexTa [2—-4] 1O3BOASET MPEANOAOKNUTH I1aBHOM TPUIMHON
€T0 IPOsIBAEHNUA Pe3KOe YCIAeHIe MarHUTHOTO 1104 B 001acTu oOpaszosaHms KymyasatusHol crpyn (KC)
PV CXAONIBIBAHMM «HaMarHM4eHHOV» 00AMIIOBKM. l'eHepumpoBaHme CHMABHOTO MAarHUTHOTO IIOAA B





